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SUMMARY 

A general ized methodology t o  p red ic t  the  f a t i g u e  l i f e  and r e l i a b i l i t y  o f  
a r o t a t l n g  d i sk  such as used f o r  a i r c r a f t  engine tu rb ines  and compressors i s  
advanced. The approach incorporates the computed l i f e  o f  elemental s t r e s s  
volumes t o  p r e d i c t  system l i f e  and r e l i a b i l i t y .  Disk speed and thermal gra- 
d ien ts  as w e l l  as design var iab les  such as d i sk  diameter and thickness and b o l t  
ho le  s ize,  number and l o c a t i o n  are considered. 

INTRODUCTION 

A key t o  cost  e f f e c t i v e  design I s  t he  a b i l i t y  t o  accurate ly  p r e d i c t  com- 
ponent l i f e  w i thout  t he  need f o r  extensive t e s t i n g  o r  f i e l d  experience. 
Current m i l i t a r y  support programs f o r  gas tu rb ine  engines depend on l i f e  pre- 
d i c t i o n  methods t o  p lan  overhauls and p a r t  replacement. Er ro rs  i n  l i f e  pre- 
d i c t i o n  r e s u l t  i n  premature p a r t  replacement or  i n s u f f i c i e n t  a v a i l a b i l i t y  o f  
spare pa r t s  ( r e f .  1) .  

L i f e  p r e d i c t i o n  methods f o r  most machine elements are t y p i c a l l y  based on 
y i e l d  stresses and f a t i g u e  l i m i t i n g  stresses. However, i n  a d d i t i o n  t o  the  
component's ma te r ia l  p roper t ies ,  proper considerat ion must be g iven t o  the  
e f f e c t s  o f  notches, surface condi t ion,  component s i z e ,  res idua l  s t ress,  tem- 
perature,  duty cyc le  and environmental f ac to rs .  Problems can a l so  a r i s e  from 
lack  o f  r e l i a b l e  f a t i g u e  data, over ly-conservat ive design fac to rs ,  Incons is t -  
encies among computer codes, and m is ln te rp re ta t l on  o f  the  ac tua l  design loads. 
To compound these d i f f i c u l t i e s ,  t he  establ ished f a t i g u e  l i m i t  f o r  much o f  the  
repor ted data i s  a mean o r  average value. T h i s  can be i n te rp re ted  as meanlng 
t h a t  l i f e  i s  f i n i t e ,  even a t  t he  fa t i gue  l i m i t i n g  s t r e s s  ( r e f .  2). 

I n  aerospace app l ica t ions ,  an engineer must be espec ia l l y  cognizant o f  
s i ze  and weight cons t ra in ts  which i m p a c t  design decis ions. While designing a t  
o r  below the  ma te r ia l  f a t i g u e  l i m i t  may be des i rab le  i n  most i n d u s t r l a l  a p p l i -  
cat ions,  i n  aerospace app l ica t ions ,  It i s  almost mandatory t o  design f o r  a 
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f i n i t e  l i f e  a t  an acceptable p r o b a b i l i t y  of s u r v i v a l .  Zaretsky ( r e f .  2) out- 
l i n e d  such a methodology based i n  p a r t  on work o f  W. Weibul l  ( r e f s .  3 and 4) 
and 6. Lundberg and A. Palmgren ( r e f s .  5 t o  7 ) .  Zaretsky's method ( r e f .  2) i s  
s i m i l a r  i n  approach t o  t h a t  o f  Ioannides and H a r r i s  ( r e f .  8). 

Mahorter, e t  a l .  ( r e f .  l), discuss t h e  accuracy o f  l i f e  p r e d i c t i o n  tech- 
niques f o r  m i l i t a r y  t u r b i n e  engine components such as compressor and t u r b i n e  
d isks.  The development of  a 0.794 mm (0.03 in . )  crack i n  any o f  t h e  c r i t i c a l  
areas of  a d isk ,  such as b o l t  holes, bore, d o v e t a i l ,  etc., i s  considered the  
end of  i t s  low cycle f a t i g u e  (LCF) l i f e  ( r e f .  1) .  This i s  t h e  l i f e ,  Lo.1, 
a t  which the  m i l i t a r y  requi res a 99.9 percent p r o b a b i l i t y  o f  s u r v i v a l  o r  a 0.1 
percent f a i l u r e  ra te .  
removed f r o m  serv ice o r  reworked a t  t h e i r  Lo.1 l i f e  ( r e f .  1). The s t a t i s -  
t i c a l l y  predic ted l i v e s  f o r  b o l t  ho le  cracks d i d  n o t  agree w i t h  t h e  a n a l y t i -  
c a l l y  p red ic ted  values. 
l i f e  p red ic t ions  i s  not  necessar i ly  conservative, and t h a t  a p r o b a b i l i s t i c  
approach i s  v iab le i n  l i g h t  o f  a l l  t h e  s t a t i s t i c a l  v a r i a t i o n s  i n  t h e  design 
parameters. 

Disk re t i rement  p o l i c y  requi res t h a t  t h e  d isks  be 

These r e s u l t s  imply t h a t  a d e t e r m i n i s t i c  approach t o  

I n  view o f  the aforementioned, i t  i s  the o b j e c t i v e  o f  t h i s  work t o  
(a)  apply the method o f  Zaretsky ( r e f .  2) t o  s t a t i s t i c a l l y  p r e d i c t  the  l i f e  o f  
a gener ic s o l i d  d i s k  w i t h  and w i thout  b o l t  holes, (b)  determine the  e f f e c t  o f  
d i s k  design var iables,  thermal loads, and speed on r e l a t i v e  l i f e ,  and 

develop a general ized equation f o r  determining d i s k  l i f e .  

NOMENCLATURE 

M a t e r i a l  constant, s t ress  cycles 

s t r e s s - l i f e  exponent 

d i s k  diameter, m ( i n . )  

M a t e r i a l  Young's Modulus, N/m2 ( p s i )  

Weibul l  slope 

p r o p o r t i o n a l i t y  constant, m ( i n . )  

p r o p o r t i o n a l i t y  constant, mz/N ( p s i - l )  

p r o p o r t i o n a l i t y  constant, rpm 

p r o p o r t i o n a l i t y  constant, K (OF) 

p r o p o r t i o n a l i t y  constant, m ( i n . )  

l i f e ,  stress cycles 

c h a r a c t e r i s t i c  l i f e ,  o r  l i f e  a t  which 63.2 percent 

system l i f e ,  s t ress  cyc les 

o f  popu la t ion  f a i l  
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L1o t e n  percent l i f e ,  l i f e  a t  which 90 percent o f  a popu la t ion  w i l l  survive,  
s t ress  cycles 

N 

NO 

r 

R 

S 

t 

T 

V 

a 

UL 

arr 

speed, rpm 

Dynamic Speed Capacity, rpm 

r a d i a l  coordinate from d i s k  center l ine ,  m ( in.) 

d i s k  radius, m ( i n . )  

probabi 11 t y  o f  s u r v i v a l  

d i s k  thickness, m ( i n . )  

steady-state temperature, K ( O F )  

s t ress  vo1ume, m3 ( i n .3 )  

c o e f f i c i e n t  o f  thermal expansion, m/K (in./OF) 

f a t i g u e  l i m i t  s t ress,  N/m2 ( p s i )  

r a d i a l  s t ress  component, N/m2 (ps i )  

088 

f shear stress, N/m2 ( p s i )  

TL 

t angen t ia l  s t ress  component, N/m2 ( p s i )  

f a t i g u e  l i m i t  stress, N/m* ( p s i )  

Subscr ipts:  

a,b s ta tes  a and b, or  bodies a and b 

i tth component, and denotes inner d i s k  radius 

0 reference po in t ,  and denotes outer d i s k  radius 

ANALYSIS 

Fa i l u re  Theory 

The Weibul l  Weakest Link Theory ( r e f s .  3 and 4) s ta tes  t h a t  f o r  a body, 
the  p r o b a b i l i t y  o f  su rv i va l ,  S, i s  a func t i on  o f  a t  l e a s t  f i v e  parameters. 
These f i v e  parameters are; f a t i g u e  l i f e ,  L; m a t e r i a l  Weibul l  slope, e; s t ress  
s ta te ,  a; s t r e s s - l i f e  exponent, c; and stressed volume, V. I n  mathematical 
form t h i s  r e l a t i o n  i s  expressed as: 

1 c e  I n  5-0 L V 
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Successful implementation o f  equat ion (1) requ i res  t h a t  t h r e e  e f fec ts  be 
addressed. These are: 

(1) s t r e s s / l i f e  c h a r a c t e r i s t i c s  
( 2 )  s t a t i s t i c a l  f a i l u r e  d i s t r i b u t i o n s  
( 3 )  stressed volume v a r i a t i o n s  

A means i n  which the  s t r e s s - l i f e  c h a r a c t e r i s t i c  of a m a t e r i a l  can be 
def ined i s  found.from t h e  s t r e s s - l i f e  r e l a t i o n  general expression where, 

-C L = AU 

and where A i s  a mater ia l  constant. The values o f  A and c i n  t h i s  r e l a -  
t i o n  can be determined from experimental f a t i g u e  data obtained from coupon 
t e s t s  ( r e f .  9 ) .  

Rearrangement o f  equation ( 2 )  w i l l  a l l o w  l i f e  p r e d i c t i o n  a t  a c e r t a i n  
s t ress s t a t e  given knowledge o f  a reference s t a t e  where t h e  s t ress  and cycles 
t o  f a i l u r e  a r e  known. The equat ion 

gives l i f e  Lb a t  a known loading as r e l a t e d  t o  s t a t e  a. This equat ion 
w i l l  a l l o w  l i f e  est imat ion given knowledge o f  t h e  s t r e s s - l i f e  exponent c and 
a reference s ta te  a. (Note t h a t  t h e  constant A f rom eq. ( 2 )  i s  n o t  requ i red  
i n  eq. ( 3 ) . )  

def ined through the  use o f  equation ( 3 ) .  
determining mater ia l  values i n  equations ( 2 )  and ( 3 ) ,  are  usua l ly  presented as 
mean o r  median values. To account f o r  dev ia t ions  f rom t h i s  mean value, a 
Weibul l  d i s t r i b u t i o n  i s  used t o  descr ibe the  f a i l u r e  d i s t r i b u t i o n .  The Weibul l  
d i s t r i b u t i o n  ind icates the  s t a t i s t i c a l  p r o b a b i l i t y  o f  s u r v i v a l  o f  a g iven 
mater ia l  o r  s t ructure,  under a p a r t i c u l a r  loading, as a f u n c t i o n  o f  t h e  number 
o f  cycles subjected t o  t h a t  loading. The determinat ion o f  the  Weibul l  d i s t r i -  
b u t i o n  f o r  loading condi t ions other  than those f o r  which t e s t  data i s  a v a i l a b l e  
w i l l  r e q u i r e  knowledge of  the Weibul l  slope and a p o i n t  on t h e  new Weibul l  
l i n e .  The equation o f  a l i n e  us ing Weibul l  coordinates i s :  

The s p e c i f i c a t i o n  o f  mater ia l  f a t i g u e  c h a r a c t e r i s t i c s  cannot be s o l e l y  
The m a t e r i a l  data obtained f o r  

- - -  ::: Zo -coy ( 4 )  

f o r  a s i n g l e  body a t  constant loading w i t h  So and Lo as known reference 
po in ts .  

An important i m p l i c a t i o n  o f  equation (1 )  i s  t h a t  as t h e  volume over which 
a c r i t i c a l  stress i s  a c t i n g  1s Increased, a reduct ion i n  s u r v i v a b i l i t y  w i l l  
occur f o r  the  same number o f  cyc les.  
umes subjected t o  equal s t ress gives:  

Manipulat ion o f  equat ion 1 f o r  two v o l -  
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'b"a Sb = sa 

f o r  constant values L, e, and c. Th is  equat ion shows t h a t  f o r  two bodies o f  
same mate r ia l  and subjected t o  i d e n t i c a l  loading, t he  body o f  l a rge r  volume 
w i l l  con ta in  more probable defects and, thus, have a lower p r o b a b i l i t y  o f  sur-  
v i v i n g  a f i x e d  number o f  s t r e s s  cycles. Equation (2 )  has been supported by 
much experimental evidence ( r e f .  2). 

A way f o r  p r e d i c t i n g  the  l i f e  of a general body "au re la ted  t o  the  l i f e  
o f  body "bH i s  g iven by: 

C 1 /e 

The d e r i v a t i o n  f o r  equation (6 )  i s  given i s  appendix A. This equation i s  s lm-  
i l a r  i n  form t o  equation ( 5 ) ,  but  also inc ludes the  e f f e c t  o f  d i f fe rences  I n  
stressed volume. 

I f  n components combine t o  form a mechanical system, the  system r e l l a -  
b i l i t y  r e l a t i o n  s tates t h a t :  

n 

(7) e = X(k) i P1 

e 
(7 )  

where Ls i s  t he  t o t a l  sys tem l i f e  and L i  i s  t he  i t h  component's l i f e  
( r e f .  2) .  For  t h i s  formulat ion,  each component may have a d i f f e r e n t  l i f e  bu t  
t he  s u r v i v a b i l i t y  i s  constant f o r  a l l  t he  components, and hence for the  systen;. 

Methodology 

The concept ou t l i ned  i n  equation ( 7 )  can e a s i l y  be extended from a 
mechanical system o f  d i s c r e t e  components t o  a continuous s t ruc tu re .  This pro- 
cedure can be used w i t h  the  r e s u l t s  o f  a f i n i t e  element analysis,  whereby a 
complex s t ruc tu re  I s  modeled by d i sc re te  elements. Each element o f  t he  model 
w i l l  have a d i s t i n c t  volume and load-dependent s t ress.  These elemental char- 
a c t e r l s t i c s  can be appl ied through equatlon ( 7 )  t o  determine the  elements' 
l i v e s  and r e l i a b i l i t i e s  and thus, the s t r u c t u r e ' s  l i f e  and r e l i a b i l i t y .  The 
implementation o f  equation ( 7 )  t o  determine s t r u c t u r a l  l i f e  and r e l i a b i l i t y  i s  
shown I n  the  ana lys is  methodology f lowchar t  o f  f i g u r e  1. 

The f i r s t  step t o  f a t i g u e  l i f e  determinat ion i s  t o  model t he  s t r u c t u r e  

I n  t h i s  manner, t he  e le -  
i n t o  elemental volumes and stresses. The general gu ide l ines  f o r  f l n i t e  element 
modeling can be used f o r  t h i s  s t ruc tu re  modeling. 
mental stresses and volumes can be used d l r e c t l y  w i t h i n  equations (6) and (7) .  

The second step i n  the  fa t igue l i f e  ana lys is  invo lves se lec t i ng  a c r i t i c a l  
element w i t h i n  the  f i n i t e  element model based on the  maximum s t ress  s ta te .  
Because o f  t he  fo rmula t ion  o f  equations (1) t o  ( 5 ) ,  a l l  the  element stresses 
and volumes are  n o r m i i z e u  W I L I I  I C > ~ ~ ~ ~  t o  the critics! e l e m n t .  - = - - A  A L L  "...-..,.-A 
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Several d i f f e r e n t  c r i t e r i a  can be considered f o r  normal iz ing t h e  c r i t i c a l  
s t r u c t u r a l  element. These c r i t e r i a  are: 

(1) Maximum Shear Stress F a i l u r e  Theory 
( 2 )  Maximum Normal S t r e s s  F a i l u r e  Theory 
( 3 )  Maximum Element S t r a i n  Energy Density 
( 4 )  Maximum Element Volume 

The maximum shear s t ress should genera l l y  be used i n  i d e n t i f y i n g  t h e  
c r i t i c a l  element. J u s t i f i c a t i o n  i s  based on t h e  a p p l i c a b i l i t y  o f  t h e  maximum 
shear s t ress f a i l u r e  theory f o r  d u c t i l e  mater ia ls .  Independent o f  the  se lected 
c r i t e r i a ,  f o r  a l l  c a l c u l a t i o n  purposes t h e  element w i t h  maximum c r i t i c a l  s t ress  
i s  g iven a r e l a t i v e  l i f e  o f  u n i t y  a t  a p r o b a b i l i t y  o f  s u r v i v a l  o f  90 percent, 
o r  a 10-percent p r o b a b i l i t y  o f  f a i l u r e .  

The normalized stresses and volumes are  used t o  compute elemental l i v e s  
r e l a t i v e  t o  the c r i t i c a l  element. The r e l a t i v e  l i v e s  a r e  combined us ing equa- 
t i o n  ( 7 )  t o  give a s t r u c t u r a l  l i f e  r e l a t i v e  t o  t h e  c r i t i c a l  element. Two key 
advantages o f  using t h i s  r e l a t i v e  l i f e  methodology are:  

(1) S i m p l i f i e d  q u a l i t a t i v e  comparison between d i f f e r i n g  designs 
( 2 )  Reduced f a t i g u e  l i f e  data requirements 

By normal iz ing a f a m i l y  o f  candidate designs through a s ingu la r  c r i t i c a l  e le -  
ment, q u a l i t a t i v e  assessments o f  designs changes on s t r u c t u r a l  l i f e  can be 
e a s i l y  and qu ick ly  made. By spec i fy ing  r e l a t i v e  l i v e s ,  on ly  one ser ies  o f  
f a t i g u e  coupon t e s t s  need be run t o  e s t a b l i s h  t h e  necessary Weibul l  parameters. 

RESULTS AND DISCUSSION 

S o l i d  d i s k  

Parametric a n a l y t i c a l  s tud ies were conducted t o  i n v e s t i g a t e  t h e  e f f e c t  o f  
vary ing physica dimensions and speed on the r e l a t i v e  l i v e s  o f  a gener ic so i d  
d isk .  
d iv ided i n t o  a ser ies o f  components (elements). This i s  most e a s i l y  done by 
consider ing the d i s k  as a c o l l e c t i o n  o f  concentr ic  r i n g s .  
w i t h  10 r i n g s  o f  equal r a d i a l  increment f o r  t h e  parametr ic values o f  d i s k  
diameter studied. Expressions f o r  t h e  average hoop, r a d i a l ,  and maximum shear 
stresses occurr ing across the  r i n g s  are  der ived f o r  equations given i n  
( r e f .  10). 

The phys c a l  model o f  the  s o l i d  d i s k  requi res t h a t  t h e  s t r u c t u r e  be 

The d i s k  was modeled 

Assuming a s t r e s s - l i f e  exponent o f  9 ( r e f s .  8 and 9 ) ,  t h e  e f f e c t  of 
Weibul l  slope modulus, on l i f e  was determined. The r e s u l t s  a re  shown i n  f i g -  
u re  3 .  Weibul l  slopes o f  1, 2, and 3.57 are  equiva lent  t o  exponent ia l ,  
Rayleigh, and normal (Gaussian) d i s t r i b u t i o n s  respec t ive ly  ( r e f .  2) .  For 
Weibul l  slopes of approximately 1 .5  o r  greater,  l i f e  i s  f a i r l y  constant. For 
Weibul l  slopes between 1 and 1.5 l i f e  increases by approximately 15 percent.  
As  a r e s u l t ,  for  the remainder of the  ana lys is  t h i s  e f f e c t  w i l l  be considered 
n e g l i g i b l e .  

The e f f e c t  o f  d i s k  diameter on l i f e  f o r  a speed o f  9000 rpm and a s t ress-  
l i f e  exponent, c, o f  9 i s  shown i n  f i g u r e  4. 
increased, both t h e  s t ress  and t h e  s t ress volume increase and l i f e  w i l l  

As  the  d i s k  diameter i s  

6 



decrease. The e f f e c t  of Weibul l  slope i s  n e g l i g i b l e .  The equation f o r  t h i s  
r e l a t i o n  f o r  the  e f f e c t  o f  diameter on l i f e  i s  

* 20 

L10 - $) 
where D i s  the  d i sk  diameter, and KD i s  a constant equal t o  0.61 m 
(24.0 i n . ) .  

The e f fec t  of d i s k  th ickness on the L1o l i f e  i s  shown i n  f i g u r e  5. 
Because the  stressed volume i s  increased, l i f e  w i l l  decrease. The e f f e c t  o f  
Weibul l  s lope i s  n e g l i g i b l e .  
d i s k  th ickness on l i f e  I s  as fo l lows:  

The equation f o r  t he  r e l a t i o n  f o r  the  e f f e c t  o f  

- Kt 
L1o-  t ( 9 )  

where T I s  t he  d i sk  th ickness, and K t  i s  a constant equal t o  0.0254 m 
(1.0 i n . ) .  

As d i sk  speed i s  increased, stresses w i t h i n  the  d i sk  w i l l  increase. These 
s t ress  increases w i l l  cause a decrease i n  l i f e .  The e f f e c t  o f  d i s k  r o t a t i o n a l  
speed on L10 l t f e  1; shown i n  f l g u r e  6. The equatinn fnr  the  e f f e c t  o f  
speed on l i f e  be w r i t t e n  as fo l lows:  

where N i s  the  d i sk  speed and KN i s  a speed constant equai t o  9000 rpm. 

F o r  each stressed elemental volume w i t h i n  the  body o f  t he  d isk,  the  l i f e  
was det$rmlned using an inverse s t r e s s  l i f e  r e l a t i o n  shown i n  equations (2 )  
and (3 ) ;  Not a l l  mater ia ls  w i l l  e x h i b i t  t he  same s t r e s s - l i f e  r e l a t i o n .  
s t r e s s d l i f e  exponent i s  genera l ly  determined exper imenta l ly .  
ca l cu la t i ons ,  a s t r e s s - l i f e  exponent o f  9 was assumed. Using vary ing values 
o f  c w i t h  a reference d isk,  the e f f e c t  o f  the  s t r e s s - l i f e  exponent on the  
L10 l i f e  o f  the  d i sk  was determined. These r e s u l t s  a re  shown i n  f i g u r e  7. 
The equat ion f o r  t he  e f f e c t  o f  t he  s t r e s s - l i f e  exponent on d i sk  l i f e  i s  as 
f 01 1 ows : 

The 
For  t he  previous 

Ll0 -(;) Os606 

A concept f i r s t  expanded by Ioannides and Har r i s  ( r e f .  8) was the  a p p l i -  
ca t i on  o f  a f a t i g u e  l i m i t  i n  the  determinat ion o f  the  l i v e s  o f  the  elemental 
stressed volumes. Bas ica l l y ,  the  concept i s  t h a t  where the  shearing s t ress  i s  
equal t o  o r  less than the  value determined o r  assumed f o r  t he  f a t i g u e  l i m i t ,  
the  p r o b a b i l i t y  o f  su rv i va l  f o r  t h a t  elemental stressed volume i s  100 percent.  
I n  t h e i r  examples, Ioannides and Harr is  ( r e f .  8) use the  f o l l o w i n g  r e l a t i o n :  
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1 
C 

(a - UL) 
L1o - 

where a i s  the operat ing s t ress and UL i s  t h e  f a t i g u e  l i m i t i n g  s t ress  a t  
o r  below which no f a i l u r e  i s  expected t o  occur. 

The r e l a t i o n  represented by equation (12) w i l l  r e s u l t  i n  a s t r e s s - l i f e  
exponent incons is ten t  w i th  equations (2) and ( 3 )  and was n o t  used t h e  ana lys is  
repor ted herein.  Instead, equations ( 2 )  and ( 3 )  were used i n  determining t h e  
p r o b a b i l i t y  o f  s u r v i v a l  and t h e  r e s u l t a n t  l i f e  f o r  values o f  
100 percent p r o b a b i l i t y  o f  s u r v i v a l  was assumed. 
vary ing values o f  a f a t i g u e  l i m i t  f o r  t h e  shearing s t ress i s  shown i n  f i g u r e  8. 
An approximate r e l a t i o n  between l i f e  and 

(13) 

T < TL. A 
The r e s u l t s  o f  assuming 

TL can be w r i t t e n  as 

L10 - exP(KL q) 

where KL i s  equal t o  4.02~10-8 m2/N (2.77~10-4 ps i -1 ) .  

The e f f e c t  o f  a r a d i a l  temperature d i f f e r e n c e  upon t h e  o v e r a l l  d i s k  r e l -  
a t i v e  l i f e  was determined by consider ing the  thermal stresses superimposed upon 
the  c e n t r i f u g a l  d i s k  stresses due t o  d i s k  r o t a t i o n .  A steady-state r a d i a l  
temperature d i s t r i b u t i o n  was appl ied t o  a d i s k  w i t h  a very small c e n t r a l  hole. 
A d i s k  w i t h  a small c e n t r a l  ho le  was considered because t h i s  c o n f i g u r a t i o n  
r e l i e v e d  a mathematical s i n g u l a r i t y  which occurs f o r  isothermal boundary con- 
d i t i o n s  upon a s o l i d  d i s k .  
steady-state, one-dimensional heat t r a n s f e r  y i e l d s  a temperature d i s t r i b u t i o n  
as: 

The s o l u t i o n  o f  t h e  heat d i f f u s i o n  equat ion f o r  

f o r  T i  and To the  inner  and outer  r a d i i  temperatures. Assuming t h a t  
small  temperature d i f fe rences  e x i s t  (AT  < 500 O F ) ,  an e l a s t i c i t y  s o l u t i o n  f o r  
t h e  d i s k  thermal stresses was used as: 

a =  rr 

where T I s  the steady-state change i n  temperature f rom the  i n i t i a l  s t ress-  
f r e e  temperature found from equat ion (14). The t o t a l  d i s k  stresses due t o  both 
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t h e  CeRtr i fugal  d i s k  loading and t h e  thermal stresses can then be found by 
superposi t ion.  

This  method i s  o u t l i n e d  i n  appendix B. The e f f e c t  o f  var ious r a d i a l  tem- 
perature d i f ferences on d i s k  r e l a t i v e  l i f e  i s  shown i n  f i g u r e  9. 
f o r  t h i s  thermal e f f e c t  i s  as fo l lows:  

An expression 

0.52 

L10 [&) 
where AT i s  t h e  r a d t a l  temperature d i f fe rence and KT i s  constant equal 
0.56 K where AT i s  i n  K e l v i n  o r  1 F  where AT i s  i n  Fahrenheit and where 
AT i s  equal t o  o r  greater  than KT. 

By combining t h e  product o f  equations (8) t o  (ll), (13) and (17), t h e  
f o l l o w i n g  equat ion f o r  the  10-percent l i f e  o f  a un i form s o l i d  r o t a t i n g  d i s k  
be obtained: 

Applying the  concept o f  a mater ia l  f a c t o r ,  A, which can be determined from 
experiment o r  f rom f i e l d  experience, equation (14) can be r e w r i t t e n  as fo l lows:  

In t roduc ing  the  concept o f  a Dynamic Speed Capacity No which i s  def ined 
by Zaretsky ( r e f .  2) as the speed which would produce a t h e o r e t i c a l  l i f e  o f  one 
million st ress cycles,  then from e q u a t i m  (?9), 

1/14.3 1 0 . 5 2  0.606 
NO- A x ~ O - ~  [(>yo ($) K i 4 ' 3  (:) (2) (exp (KLrl)) I 
and f o r  any speed N f o r  a given disk geometry, 

( 
L1 0 

From t h e  Weibul l  equations ( 3  and 4),  

and us ing values o f  S equal 0.9 and L equal L1o from equations (19) o r  
(21), t h e  c h a r a c t e r i s t i c  l i f e  
d isks can be expected t o  f a i l ,  can be determined. Having the  cha a c t e r i s t l c  
l i f e ,  any l i f e  a t  any given p r o b a b i l i t y  o f  surv iva l ,  such as the  l i f e  a t  a 99.9 
probab!!!ty nf surv Iva1;  can be determined from equat ion (22 ) .  

9 
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E f f e c t  o f  B o l t  Holes 

As discussed by Mahorter, e t  a l ,  ( r e f .  1), f a i l u r e  o f  t h e  d i s k  w i l l  occur 
a t  t i e - b o l t  holes i n  the d isk .  This w i l l  be the  c r i t i c a l  l o c a t i o n  f o r  f a i l u r e  
on a d isk .  Using the f i n i t e  element model shown i n  f i g u r e  2, t h e  e f f e c t  on 
d i s k  l i f e  o f  b o l t  ho le s ize,  l o c a t i o n ,  and number were determined. The r e s u l t s  
o f  t h i s  analysis a re  shown i n  f i g u r e s  9 t o  11. The r e l a t i v e  l i v e s  shown were 
normalized r e l a t i v e  t o  t h e  l i f e  o f  a s o l i d  d i s k  w i t h  no holes having a 0.61 m 
(24.0 i n . )  diameter and being 0.0254 m (1.0 i n . )  t h i c k ,  running a t  9000 rpm 
w i t h  a Weibul l  slope o r  modulus o f  1.00 and a s t r e s s - l i f e  exponent, c, o f  9. 

F igure 10 shows the  e f f e c t  o f  b o l t  diameter on d i s k  f a t i g u e  l i f e .  
would appear tha t  a t  b o l t  holes having a diameter o f  less  than 10.2 mm 
(0.4 i n . ) ,  the  e f f e c t  o f  ho le  s i z e  i s  nominal. 
e te r ,  the  e f f e c t  i s  most s i g n i f i c a n t .  
b o l t  holes i n  a d i s k  should be smal ler  bu t  more numerous i n  number. 

I t  

A t  b o l t  holes l a r g e r  i n  diam- 
This ana lys is  would suggest t h a t  t h e  

The e f f e c t  o f  increas ing the  number o f  b o l t  holes i s  shown i n  f i g u r e  11. 
Increas ing the  number o f  holes and keeping t h e  ho le  diameter less  than 10.2 mm 
(0.4 i n . )  appear t o  have less o f  an e f f e c t  on l i f e  than having fewer holes 
l a r g e r  i n  diameter. 
f a c t o r s  f o r  equations (19) o r  (21). 

Figures 10 and 11 can be used t o  ob ta in  l i f e  modi fy ing 

Figure 1 2  shows the e f f e c t  o f  ho le  l o c a t i o n  i n  the  d i s k  as a percent o f  
t h e  d i s k  radius measured from the  a x i s  o f  r o t a t i o n .  The r e s u l t s  show a general 
t rend o f  increas ing l i f e  as the  holes a r e  moved r a d i a l l y  outward. 
n o t  be unexpected since stresses decrease w i t h  inc reas ing  d is tance from t h e  
center.  
between 40 and 50 percent o f  the  d i s k  radius,  there  i s  an i n v e r s i o n  o f  the  
t rend, t h a t  i s ,  l i f e  decreases and then begins t o  increase again. It cannot 
be determined wi th reasonable c e r t a i n t y  t h a t  t h i s  i s  c o r r e c t  o r  t h a t  the  f i n i t e  
element mesh size was proper ly  selected f o r  these ca lcu la t ions .  
y s i s  I s  required. 
should be placed a t  a great  d is tance from the  center o f  the  d i s k  as i s  
p r a c t i c a l .  

This would 

However, the t rend i s  no t  t o t a l l y  convincing since a t  a l o c a t i o n  

Fur ther  anal-  
However, i t  can be reasonably concluded t h a t  the  b o l t  holes 

A s  discussed i n  the previous sect ion,  the  e f f e c t  o f  Weibul l  slope was 
considered n e g l i g i b l e  f o r  the  s o l i d  d i s k  w i t h  no holes. However, f o r  the  d i s k  
w i t h  b o l t  holes, there  appears t o  be a s i g n i f i c a n t  reduc t ion  i n  l i f e  w i t h  
increases i n  slope. This t rend was no t  expected. The s i z e  o f  t h e  f i n i t e  e le -  
ment mesh may have cont r ibu ted  t o  t h i s  phenomenon. 
s i z e  was beyond the scope o f  the  present i n v e s t i g a t i o n .  

However, the  e f f e c t  o f  mesh 

SUMMARY OF RESULTS 

A method was developed t o  p r e d i c t  the f a t i g u e  l i f e  and r e l i a b i l i t y  o f  a 
r o t a t i n g  d i s k  such as used f o r  a i r c r a f t  engine tu rb ines  and compressors. The 
method incorporates the  computed l i f e  a t  a given p r o b a b i l i t y  o f  s u r v i v a l  of 
elemental stressed volumes w i t h i n  t h e  body o f  the  d i s k  t o  a r r i v e  a t  t o t a l  d i s k  
l i f e  and r e l i a b i l i t y .  The e f f e c t  on l i f e  o f  d i s k  speed as w e l l  as design var- 
i a b l e s  such as d i s k  diameter and thickness and b o l t  ho le  s ize,  number and 
l o c a t i o n  were determined. An i n v e s t i g a t i o n  i n t o  the  e f f e c t  o f  a r a d i a l  tem- 
perature d i f ference and the accompanying induced thermal stresses on d i s k  r e l -  
a t i v e  l i f e  was a lso  performed. I n  add i t ion ,  m a t e r i a l  c h a r a c t e r i s t i c s  such as 

10 



Weibul l  modules and f a t i g u e  l i m i t  were considered. 
No was introduced. The f o l l o w i n g  r e s u l t s  were obtained: 

A Dynamic Speed Capacity 

1. The l i f e  of a s o l i d  d i s k  was Inverse ly  p ropor t iona l  t o  speed t o  the 
14.3 power, diameter t o  the 20 power, th ickness t o  the f i r s t  power, and r a d i a l  
temperature d i f f e r e n c e  t o  the  0.52 power. 

2. For assumed mater ia l  charac ter is t i cs ,  l i f e  was i n v e r s e l y  p ropor t iona l  
t o  t h e  s t r e s s - l i f e  exponent t o  the  0.606 power, and exponent ia l ly  r e l a t e d  t o  
the  f a t i g u e  l i m i t i n g  s t ress.  

3. Increas ing t h e  number of b o l t  holes and keeping t h e  ho le  diameter less  
than 10.2 mm (0.4 in . )  appear t o  have less  o f  an e f f e c t  on l i f e  than having 
fewer holes l a r g e r  i n  diameter. 

4. A s  ho le l o c a t i o n  i s  moved out r a d i a l l y ,  d i s k  l i f e  increases suggesting 
placement of b o l t  holes a t  the  f u r t h e s t  p r a c t i c a l  r a d i a l  loca t ion .  
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. 
APPENDIX A 

The equation f o r  a s t r a i g h t  l i n e  on Welbul l  paper i s :  

which s i m p l i f i e s  to :  

I n  Sb 

I n  Sa 

This equat ion represents the  s u r v i v a l  p r o b a b i l i t y  f o r  body llall f o r  any des i red 
l i f e  a t  a f i x e d  appl ied s t ress 08. 

associated sb and Lb must be made. These are: 
I n  order t o  develop an expression f o r  a new load IlbI', est imates o f  the 

and, 

Now, i f  body "b" has s t r e s s  Ub, bu t  a d i f f e r e n t  volume vb. 

Sb = sa 'a"b ( A . 3 )  

Using equations ( A - 1 ) ,  ( A . 2 ) ,  and ( A . 3 ) ,  and equal element s u r v i v a b i l -  
i t i e s ,  S = Sa, the reference l i f e  Lb can be given by: 



APPENDIX 9. - Thermal Analysis 
The solution of the steady heat diffusion equation in cylindrical coor- 

dinates will give a steady-state temperature distribution of [ll]: 

After isothermal boundary conditions are applied at a critical inner radius 
Rj, and the disk outer radius Ro. A critical inner radius is necessary 
to relieve a mathematical singularity at the center of a solid disk. 
perature within the inner radius was assumed constant at Ti. 

An elasticity solution for the thermal stresses induced within a thin dlsk 
will require solving the following plane stress relations: 

The tem- 

bee = aE [$Ib T(r) r d r  + $f T(r)r dr - T(r] (8 .2)  

a r a r 

rr . (9.3) 

with the steady-state temperature distribution difined in equation (9.1). 

Assuming that the dlsk is at a uniform temperature when it i s  free of 
stress, and that T(r) from equation (8.1) represents the change in temper- 
ature, 8T, substituting equation (8.1) into equations (9.2) and (8.3) gives: 

and 

(8 .4)  . 

These stress relations can be integrated across each disk element to estimate 
an average thermal stress acting on the element. These thermal stresses can 
be superimposed with the disk centrifugal stresses to determine the total ele- 
ment stress condition. Knowing these stresses and stressed volume, the ele- 
menta? v=?ume llfe car! be d e t e r d n e d .  
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FIGURE 2.- TYPICAL F I N I T E  ELEMENT MODEL, NOMINAL DISK CONFIGURATION: 
DISK DIAMETER 0.61 M (24 IN.); DISK SPEED, 9000 RPM; NUMBER OF BOLT 
HOLES, 12; BOLT HOLE DIAMTER. 12.7 MM (0.5 IN.); MATERIAL STRESS- 
L IFE EXPONENT, C ,  9. 
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FIGURE 3.- EFFECT OF WEIBULL SLOPE ON DISK L1o 
L I F E  (DATA NORMALIZED TO: SLOPE = 1. DISK DIAM = 
0.61 M (24.0 IN.), SPEED = 9000 RPM. DISK THICK- 

NESS = 0.0254 M ( 1  IN.),  STRESS L I F E  EXPONENT = 

9.0). 
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FIGURE 4.- EFFECT OF DISK DIAMETER ON DISK L1o 
LIFE (DATA NORMALIZED TO: SLOPE = 1, DISK 
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FIGURE 5.- EFFECT OF DISK THICKNESS ON DISK L10 
LIFE (DATA NORMALIZED TO: SLOPE = 1, DISK DIAM = 
0.61 M (24.0 IN.), SPEED = 9000 RPM, DISK THICK- 
NESS = 0.0254 M (1 IN.), STRESS LIFE EXPONENT = 
9.0). 
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FIGURE 6 . -  EFFECT OF SPEED ON DISK L1o L I F E  

(DATA NORMALIZED TO: SLOPE = 1, DISK DIA- 
METER = 0.61 M (24.0 I N . ) ,  

DISK THICKNESS = 0.0254 M (1  I N . ) ,  STRESS 

L I F E  EXPONENT = 9.0). 

SPEED = 9OOo RPM. 

WE I BULL SLOPE, r W 
2 

I I- 
4 . 

1.25 t 2.0, 3.577 
- 

L 1  .o 1 .00  t- / 
/ 
6 8 10 12 14 

.75 

MATERIAL STRESS-LIFE EXPONENT 

FIGURE 7.- EFFECT OF STRESS-LIFE EXPONENT ON 

DISK L10 LIFE (DATA NORMALIZED TO: SLOPE = 
DISK DIAM = 0 .61  M (24.0 I N . ) ,  SPEED = 
DISK THICKNESS = 0.0254 M ( 1  I N . ) ,  STRESS L 

EXPONENT = 9.0). 

RPM, 

FE 



100 000 

10 000 

1000 

100 

10 

1 

.? 

/ k c / 
/ 
/ 

/ 

0 20 40 60 80 



Y 
v) 

W 
L 

5 
Qc 
0 

1 

.05 

.2 

. 1  

.05 

250 300 350 400 450 
RADIAL TEMPERATURE DIfERENCE, AT, K 

0 40 120 160 240 280 360 
RADIAL TEMPERATURE DIFFERENCE, AT, f 
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